A catalog of a class of (3, g) graphs for even girth g is introduced in this paper. A (k, g) graph is a graph with regular degree k and girth g. This catalog of (3, g) graphs for even girth g satisfying 6 ≤ g ≤ 16, has the following properties. Firstly, this catalog contains the smallest known (3, g) graphs. An appropriate class of trivalent graphs for this catalog has been identified, such that the (3, g) graph of minimum order within the class is also the smallest known (3, g) graph. Secondly, this catalog contains (3, g) graphs for more orders than other listings. Thirdly, the class of graphs have been defined so that a practical algorithm to generate graphs can be created. Fourthly, this catalog is infinite, since the results are extended into knowledge about infinitely many graphs. The findings are as follows. Firstly, Hamiltonian bipartite graphs have been identified as a promising class of trivalent graphs that can lead to a catalog of (3, g) graphs for even girth g with graphs for more orders than other listings, that is also expected to contain a (3, g) graph with minimum order. Secondly, this catalog of (3, g) graphs has many graphs outside of the vertex-transitive class. Thirdly, in order to make the computation more tractable, and at the same time, to enable deeper analysis on the results, symmetry factor has been introduced as a parameter that reflects the extent of rotational symmetry. The D3 chord index notation is introduced as a concise notation for trivalent Hamiltonian bipartite graphs. The D3 chord index notation is twice as compact as the LCF notation, which is known as a concise notation for trivalent Hamiltonian graphs. The D3 chord index notation can specify an infinte family of graphs. Fourthly, results on the minimum order for existence of a (3, g) Hamiltonian bipartite graph, and minimum value of symmetry factor for existence of a (3, g) Hamiltonian bipartite graph are of wider interest from an extremal graph theory perspective. Lastly from a cage problem perspective, an analysis on upper bounds and lower bounds within subclasses has been done, where proofs of emptiness of several subclasses partially supports the likeliness of the (3, 14) record graph to be a cage.
Introduction
A (k, g) graph is a graph with regular degree k and girth g. Trivalent graphs or cubic graphs are graphs with regular degree 3. Only graphs that are undirected and without
Background
The focus of this section is a review of the literature on tables and catalogs of graphs. Various researchers have commented on the importance of tables of graphs. Quoting from Read 1981 [7] : "In this paper I shall give some information on recent advances in the generation of catalogues of graphs; but first it might be as well as to say a little about why one would want to generate such catalogues at all -why, for example, one would wish to produce all the graphs on 8 vertices. There are many uses to which such a list could be put. Scrutiny of the list by hand or by computer, may suggest conjectures, or settle some question by turning up a counterexample. It may also enable one to get general ideas about graphs and their properties. Sometimes a list of graphs will supply numerical information for enumerative problems where a theoretical solution is absent, or provide a source of specimen graphs can be taken for use in one of the real-life problems to which graph theory can be applied". Faradzhev 1976 in [1] , said that graph theory was in a botonical stage of development and a "herbarium" of graphs was a useful thing to have around. A recent paper by Brinkmann et al. 2012 [18] states, "Such lists can serve as a source for intuition when one studies some conjecture and even as a possible source for counterexamples." The important survey papers found in the area of graph generation are Read 1981 [7] which focusses on simple graphs and Brinkmann et al. 2013 [17] which focusses on trivalent graphs.
Research on enumeration of simple graphs
An important research on counting of simple graphs is described in this subsection. The number of simple graphs for relatively small orders is known to be large. Harary et al. 1973 [14] provide an asymptotic formula for number of simple graphs for a specified order. Read 1981 [7] lists early developments for listing graphs. Kagno 1946 [26] enumerated and showed that the number of simple graphs with order 6 is 156. Heap B.R. 1972 [25] enumerated and showed that the number of simple graphs with order 8 is 12346. Baker, Dewdney et al. 1974 [24] enumerated and showed that the number of simple graphs with order 9 is 274668. The number of simple graphs with order 10 is mentioned as 12005168 by Harary et al. 1973 [14] . The number of simple graphs with order 20 is mentioned as 645490122795799841856164638490742749440 in Keith M. Briggs, Combinatorial Graph Theory http://keithbriggs.info/cgt.html which we show in Table 1 .
The number of connected graphs with order 14 is given as 29003487462848061 in [18] . 1  1  2  2  3  4  4  11  5  34  6  156  7  1044  8  12346  9  274668  10  12005168  11  1018997864  12  165091172592  13  50502031367952  14  29054155657235488  15  31426485969804308768  16  64001015704527557894928  17  245935864153532932683719776  18  1787577725145611700547878190848  19  24637809253125004524383007491432768  20  645490122795799841856164638490742749440  21  32220272899808983433502244253755283616097664  22  3070846483094144300637568517187105410586657814272  23  559946939699792080597976380819462179812276348458981632  24 195704906302078447922174862416726256004122075267063365754368
Research on enumerating trivalent graphs
The number of connected trivalent graphs obtained from Robinson et al. 1983 [47] , has been summarized in Table 2 .
Quoting from Meringer 1999 [35] , "The construction of complete lists of regular graphs up to isomorphism is one of the oldest problems in constructive combinatorics." A recent survey paper on the history of generation of trivalent graphs, Brinkmann et al. 2013 [17] lists many of the early papers and key developments in this area. In the 19 th century, Vries [27] , [28] enumerated all trivalent graphs until order 10. Balaban 1967 [43] enumerated all 3-regular graphs up to order 12. Bussemaker et al. 1976 [6] enumerated and showed that the number of trivalent graphs with order up to 14 is 504. Another recent study by Brinkmann et al. 2013 [19] shows the number of non-isomorphic trivalent graphs is large even for relatively small orders. For example, the number of trivalent bipartite graphs with order 24 is given as 29579 in [19] . Quoting from [19] , "Cubic graphs (alias trivalent graphs) constitute an important family of graphs that are worth enumerating and generating." Table 3 shows important papers in the history of enumeration of trivalent graphs. 
Enumeration of classes of trivalent graphs
The enumeration of trivalent symmetric graphs that began with the Foster Census [48] up to order 512 and recently generalized to order 10000 by Conder et al. [33] and available at https://www.math.auckland.ac.nz/~conder/symmcubic10000list.txt is an important application of the classification of finite, simple groups. The enumeration of trivalent vertex-transitive graphs by Potocnik et al. [37] , [36] in 2012 is a logical extension of the enumeration of trivalent symmetric graphs. Trivalent symmetric graphs are a subset of trivalent vertex-transitive graphs. These enumerations are important from a wider graph theory perspective, because they provide new knowledge about the class of graphs being enumerated and also provide useful data of interest to other problems from graph theory. For example, the enumerations of trivalent vertex-transitive graphs have been used to confirm the order of smallest (3, g) vertex-transitive graph until g = 16 in [37] . The number of non-isomorphic trivalent vertex-transitive graphs of order of at most 1280 is mentioned as 111360 by Potočnik et al. in 2012.
Extremal graph theory and Cage Problem
The subject of extremal graph theory originated in the 1940s due to Turan and Erdos. Extremal graph theory concerns itself with various invariant properties of a graph. Given any property for a class of graphs, an extremal graph theory question would be to determine the smallest value of a graph invariant such that it satisfies the specified property.
In 1947, Tutte [45] posed the cage problem as a problem in extremal graph theory. The problem deals with finding a graph with regular degree k and specified girth g with the minimum order. This problem has been solved for a limited range of degree k and specified girth g. The known lower and upper bounds for the trivalent cage problem are extremely wide for larger values of girth g, and hence finding better bounds and more cages is a challenging problem. The latest list of known cages is available at [20] . Computational methods have been used to improve lower bounds of the cage problem by Brinkmann [16] in 1995 for (3, 9) graphs, McKay et al. [11] in 1998 for (3, 11) graphs, and by Exoo et al. [22] in 2011 for (4, 7) graphs by showing the non-existence of (4, 7) graphs with less than order 67, and finding a (4, 7) graph with order 67. The lower bound for (3, 14) graphs was improved from 256 to 258 by McKay et al. [11] in 1998. A more recent study on non-Hamiltonian 3-regular graphs of arbitrary girth by Haythorpe 2014 [34] shows that the smallest known non-Hamiltonian 3-regular graphs of girth g are larger than the corresponding (3, g) cages until g = 7.
Other lists of graphs
The important lists of graphs that we find on the internet are as follows.
1. http://cs.anu.edu.au/~bdm/data/ Some of the enumerations of graphs are as follows.
• Eulerian graphs.
• Strongly regular graphs.
• Ramsey graphs. A survey can be found in Radziszowski [39] 2014.
• Hypohamiltonian graphs.
• Planar graphs.
• Semiregular bipartite graphs.
• Self-complementary graphs.
• Highly irregular graphs.
• Digraphs: Tournaments, Regular and Semi-regular Tournaments, Locallytransitive Tournaments, Acyclic digraphs.
• Multigraphs 2. http://www.mathe2.uni-bayreuth.de/markus/reggraphs.html Meringer [35] 1999 lists many kinds of graphs.
• Connected regular graphs with girth at least 6: The number of connected regular graphs with girth at least 6 with order 30 is given as 122090544.
• Connected regular graphs with girth at least 4.
• Connected regular graphs with girth at least 5.
• Connected regular graphs with girth at least 6.
• Connected regular graphs with girth at least 7.
• Connected regular graphs with girth at least 8.
• Connected bipartite regular graphs.
• Connected planar regular graphs. I find that the only sources for graphs of high girth are literature of the cage problem and enumerations of trivalent vertex-transitive and symmetric graphs.
Other computational approaches to find graphs
The two researches that have some similarity to our work are McKay et al. [11] 1997 and Meringer [35] 1999. The key difference is that isomorphism rejection is not used in our approach, and we focus on Hamiltonian bipartite class of trivalent graphs.
Other related researches
Holton et al. [3] 1985 show that 3-connected trivalent bipartite planar graphs with orders lesser than 66 are Hamiltonian. After removing the restriction on bipartite graphs, Holton et al. [4] 1988 show that the smallest non-Hamiltonian 3-connected trivalent planar graphs has order 38. Other studies on regular graphs of high girth are as follows.
1. McKay [8] 1987 studied properties of independent sets on regular graphs of high girth.
2. Goldberg [2] 1992 discusses the problem of designing an efficient algorithm for listing all graphs with order n, listing one from each isomorphism class of graphs with order n.
Observations
Some observations from the literature review mentioned earlier in this section are made here as follows. These observations influence the goals that will be described in section 3.
Difficulty of finding trivalent graphs of large girth
There is an inherent difficulty in finding trivalent graphs of large girth outside the vertex-transitive class. For example, the (3, 14) vertex-transitive graph with minimum order of 406 was found by Hoare in 1981 and described in Hoare [29] 1983 and Biggs [32] 1989, and it was only in 2002, that a (3, 14) record graph with order 384 was found by Exoo [21] 2002 outside the class of vertex-transitive graphs, using a sophisticated voltage graph construction technique.
Large number of non-isomorphic trivalent graphs for orders greater than 32
As we have seen in the section 2, in general there are a large number of nonisomorphic trivalent graphs for a specified order, thus making it practically very difficult to list all of them for orders greater than 32.
Beyond the class of trivalent vertex-transitive graphs
The main literature for trivalent graphs of high girth are that of the cage problem and enumerations of trivalent vertex-transitive and symmetric graphs. Given the list of trivalent vertex-transitive graphs, we can find the (3, g) vertex-transitive graph with the minimum order in the list. The minimum orders for (3, g) Cayley and (3, g) vertex-transitive graphs are obtained from Potočnik et al. [37] and [36] [37] and [36] , and lower and upper bounds obtained from [23] Girth g n Cayley n Vertex _transitive (3, g) Lower Bound (3, g) Upper Bound   6  14  14  14  14  8  30  30  30  30  10  96  80  70  70  12  162  162  126  126  14  406  406  258  384  16  1008  1008  512  960 2012, and the lower and upper bounds from Exoo et al. 2011 [23] and are shown in Table 4 for even girth g. There are two main limitations of currently known listings of (3, g) graphs. Firstly, there is currently no other known listing of (3, g) graphs, where the minimum (3, g) graph within the class is also the smallest known (3, g) graph for g > 8. Secondly, there do not exist (3, g) vertex-transitive graphs for many orders. For example, there does not exist a (3, 10) vertex-transitive graph with order less than 80. The smallest three orders for which (3, 14) vertex-transitive graphs exist, as mentioned by Potočnik et al. 2012 [37] and [36] are 406, 448 and 480.
Goals
I would like to find a catalog of (3, g) graphs for even girth g that has graphs that are not vertex-transitive for many orders. This is crucial due to the difficulty in finding trivalent graphs of large girth that are not vertex-transitive. The attempt would be to find at least one (3, g) graph for each distinct order. The goal is to create a new catalog of (3, g) graphs with graphs for many more orders than other known lists, with the following properties:
1. Goal G1: This catalog should contain the smallest known (3, g) graphs. As the class of vertex-transitive graphs does not attain this, this catalog should cover a class of graphs wider than vertex-transitive graphs. One task is to identify an appropriate class of graphs for this catalog, such that the (3, g) graph of minimum order within the class is also the smallest known (3, g) graph.
2. Goal G2: This catalog should contain graphs with larger number of orders and larger girths than the existing listings, with graphs outside the vertex-transitive class for many orders. This will not be attained if all non-isomorphic graphs are enumerated. To overcome this hurdle, subclasses are defined, and list one representative from each subclass (if the subclass is not empty).
3. Goal G3: The class of graphs for goal G1 and subclasses for goal G2 should be defined so that a practical algorithm to generate graphs can be created. This is challenging because of the difficulty of generating graphs of large girths.
Goal G5:
The resulting graph catalog should be analyzed. As computational approach is obviously limited in that it can create finite number of results, an analysis should be developed that extends the results into knowledge about infinitely many graphs and knowledge in extremal graph theory perspective.
Catalog
In this section, the approach to graph listing is explained, with the choice of Hamiltonian bipartite class of trivalent graphs and focus on efficient representation as a first step towards listing (3, g) graphs within the identified class. The important steps in the approach to find graphs of high girth can be described as follows.
1. The search space for computer search is restricted to Hamiltonian trivalent bipartite class of trivalent graphs.
2. An efficient representation for Hamiltonian trivalent bipartite graphs with a specified level of rotational symmetry.
3. A range of rotational symmetries are chosen wisely for each value of g such that a (3, g) HBG with that level of rotational symmetry could be found by computer search.
4. We treat (3, g) graphs of a particular level of rotational symmetry within the identified class of trivalent graphs as a subclass, and seek to list at least one representative from each subclass.
Approach
The number of Hamiltonian trivalent bipartite graphs are too numerous in order to practically enumerate them. Thus, as a first step, we try to list (3, g) HBGs for each order for which (3, g) HBGs exist until 2 3g/4 . The number 2 3g/4 is motivated by the following open problem, "Finding an infinite family of trivalent graphs with large girth g and order 2 cg for c < 3/4." from Exoo et al. [23] 2011. A computational approach for finding and listing (3, g) HBGs for even girth g for a range of orders until 2 3g/4 and hence find a (3, g) HBG with the minimum order, has been introduced. The focus is on even values of girth g. Hamiltonian bipartite have been identified as a promising class of trivalent graphs. Every (3, g) HBG of minimum order is also a (3, g) cage for even girth g ≤ 12. Hamiltonian trivalent bipartite graphs represent one quadrant in the space of trivalent graphs as shown in Figure 1 . The other three quadrants are Hamiltonian non-bipartite graphs, non-Hamiltonian bipartite graphs and non-Hamiltonian non-bipartite graphs. There are no known enumeration methods for trivalent graphs outside the set of trivalent vertex-transitive graphs other than this research. The traditional method to represent a labeled graph is by its adjacency list. The LCF notation for representing Hamiltonian trivalent graphs was introduced by Lederberg in [30] and by Frucht in [38] . The motivation for a compact notation for Hamiltonian trivalent bipartite graph is as follows.
Vertex-transitive
1. To represent any Hamiltonian trivalent bipartite graph using fewer variables compared to the entire adjacency list.
2. To represent any Hamiltonian trivalent bipartite graph using fewer variables compared to the LCF notation.
Even though the LCF notation is extremely convenient for representing a trivalent HBG, it is not a minimal representation, and one of the motivations here is to propose a more compact graph representation format that would be practically useful in order to represent HBGs and also find HBGs by computer search. The D3 chord index notation for representing Hamiltonian trivalent bipartite graphs, and a parameter called symmetry factor b for a Hamiltonian trivalent graph with order 2m, where b|m that reflects the extent of rotational symmetry are introduced as part of this work. Symmetry factor is very similar to the concept of exponent used in the LCF notation.
Symmetry factor
Definition 1. Symmetry factor for Hamiltonian trivalent bipartite graph A Hamiltonian trivalent bipartite graph with order 2m is said to have symmetry factor b ∈ N if the following conditions are satisfied.
b|m.
2. There exists a labelling of the vertices of the Hamiltonian trivalent graph with order 2m have labels 1, 2, . . . , 2m, such that 1 → 2 → . . . → 2m → 1 is a Hamiltonian cycle that satisfy the following properties.
• The edges that are not part of the above Hamiltonian cycle are connected as follows. Vertex i is connected to vertex u i for 1 ≤ i ≤ 2m.
• If j ≡ i mod 2b for 1 ≤ j ≤ 2b and 1 ≤ i ≤ 2m then the following is true, Proof. Let us visualize a cycle of length 2m with vertices numbered 1, 2, . . . , 2m. If vertex 1 is connected to vertex j and vertex 2b + 1 to vertex 2b + j, then we have a cycle of length 4b + 2. Since 4b + 2 ≥ g we obtain b ≥ {g/4 − 1/2} as required.
D3
The notation D3 is used to refer to D3 chord indices l 1 , l 2 , . . . , l b for a Hamiltonian trivalent bipartite graph with symmetry factor b and order 2m where b|m.
Definition 2. D3 chord index notation
The D3 chord indices l 1 , l 2 , . . . , l m for order 2m where each l i is an odd integer satisfying 3 ≤ l i ≤ 2m−3 for 1 ≤ i ≤ m is a labeled graph with order 2m, with labels 1, 2, 3, . . . , 2m constructed as follows.
1. Vertex 1 is connected to vertex 2m, vertex 2 and vertex 1 + l 1 .
2. For integers i satisfying 2 ≤ i ≤ m, vertex 2i − 1 is connected to the following three vertices with even labels.
• Vertex 2i − 1 is connected to vertex 2i − 2.
• Vertex 2i − 1 is connected to vertex 2i.
• Vertex 2i − 1 is connected to vertex y i .
where y i is calculated as follows.
•
• 
Summary of catalog
This catalog has been obtained by computer search. A summary of the catalog has been provided in Table 5 . Symmetry factor allows the decomposition of the problem of listing (3, g) HBGs to sub-problems of listing (3, g) HBGs for a range of symmetry factors. This catalog of (3, g) HBG is infinite, and a more detailed discussion is provided in [41] . This computational approach to find a (3, g) HBG with a particular symmetry factor b, and specified order 2m, can conclude that such as (3, g) HBG does not exist, or at times even be inconclusive on whether such a (3, g) HBG exists or not. The listing of (3, g) HBGs for a particular even value of girth g until 2 3g/4 is considered to be exhaustive if all orders in specified range that have a (3, g) HBG are listed, with proof for non-existence for orders not listed. Similarly, the outcome for listing of (3, g) HBGs is partial if results on existence (3, g) HBG for some orders in specified range until 2 3g/4 are inconclusive. A listing of (3, g) HBGs for a particular symmetry factor b is considered to be monotonic, when there exists -Does Not Exist (3, g) sub-problem for HBGs is inconclusive an order 2m for which the smallest (3, g) HBG with symmetry factor b exists, such that there exist at least one (3, g) HBG with symmetry factor b exists for all orders 2m + 2bk, where k is a natural number. If a listing of (3, g) HBGs for a particular symmetry factor b is not monotonic, it is considered to be non-monotonic.
In Table 5 , the smallest (3, g) HBGs for various symmetry factors have been listed. The lower bound for (3, 14) is known to be 258 as per [23] . The lower bound for a (3, 14) HBG for a particular symmetry factor b, would be the smallest positive integer greater than or equal to 258 that is also divisible by 2b, which we denote as lb (3, 14, b) . The lower bounds for some symmetry factors that have improved as part of this research are shown in Table 6 .
An example from this catalog of (3, g) graphs is provided in Figure 3 , which shows that (3, 6) HBGs exist for all even orders greater than or equal to 14. An example from this catalog of (3, g) graphs is provided in Figure 3 , which shows that (3, 8) HBGs with 5  260  460  460  6  264  456  456  7  266  364  406  8  272  304  384, Record  9  270  288  504  10  260  260  520  11  264  264  506  12  264  264  576  13  260  260  572  14  280  280  588  15  270  270  600  16  288  288  576 Color Significance
Found to not exist Lower bound equals upper bound Lower bound improved Scope for potentially improving bounds symmetry factor 4 exist for all even orders greater than or equal to 40. Hence, both these examples can be considered monotonic. A non-montonic example from this catalog of (3, g) graphs is provided in Figure 5 , which shows that (3, The minimum observed symmetry factor and lower bound predicted by Theorem 1 for (3, g) HBGs for even values of girth g has been plotted in Table 7 . The minimum observed symmetry factor exactly matches the lower bound predicted by Theorem 1 for (3, 6) HBGs, (3, 8) HBGs, (3, 10) HBGs and (3, 12) HBGs, while the minimum observed symmetry factor is greater than the lower bound predicted By Theorem 1 for (3, 14) HBGs and (3, 16) HBGs. Hence, it is indeed likely that there might exist a (3, 16) HBG with symmetry factor less than 8. 
Findings
The key findings of this work are as follows. Some of these points have been referred to in earlier sections, but have been listed explicitly here in order to make them clearer. A more detailed discussion of Table 8 is given [41] .
1. Finding C1: Identification of HBGs as a promising class of trivalent graphs HBGs have been identified, as a promising class of trivalent graphs that can lead to a catalog of (3, g) graphs for even girth g with graphs for more orders than other listings, that is also expected to contain a (3, g) graph with minimum order. This is the first known work to list HBGs of specified even girths, and the first known enumeration method outside the class of trivalent vertex-transitive graphs with the obtained catalog having graphs for larger number of distinct orders than the previous lists, and includes the (3, g) cage for g = 6, 8 and 12, one (3, 10) cage and the (3, 14) record graph.
2. Finding C2: This catalog has (3, g) graphs for more orders compared to other lists (a) Result on existence of a (3, g) HBG for each order for which (3, g) vertextransitive graphs exist, whether bipartite or non-bipartite for chosen intervals of comparison for even girth until g = 14.
For comparison with vertextransitive graphs, we consider (3, 6) graphs until order 50, (3, 8) graphs until order 90, (3, 10) graphs until order 160, (3, 12) graphs until order 400 and (3, 14) graphs until order 1000, as shown in Table 8 . (b) The catalog provides detailed information on existence of (3, g) HBGs for each order, with symmetry factors for which graphs have been found, symmetry factors for which graphs have been proven not to exist, and symmetry factors for which the existence of the graph have been found to be inconclusive. The details of this are provided in [41] . (c) Large number of (3, g) graphs outside the vertex-transitive class: There are many orders for which a (3, g) vertex-transitive graph does not exist, for which (3, g) HBG exists on this catalog, as seen in Table 8 . 3. Finding C3: Graph representation relevant for this research (a) Symmetry factor has been introduced for representing the level of rotational symmetry in Hamiltonian trivalent graphs. Symmetry factor allows decomposing the problem of listing (3, g) HBGs for even girth g for a range of orders into sub-problems of listing (3, g) HBGs for a specified symmetry factor b for a range of orders, and hence allows listing of (3, g) HBGs for more orders.
(b) D3 chord index notation has been introduced, which is twice as compact as the LCF notation for representing Hamiltonian trivalent bipartite graphs.
(c) The D3 chord index notation can specify an infinite family of HBGs, for different orders greater than a threshold value.
Example 1. D3 chord index 5 leads to a (3, 6) HBG for all even orders greater than or equal to 14 as shown in Figure 3 . This has been proved theoretically and practically verified until order 20008. Question 2. "Given a specified even value of girth g, what is the minimum value of symmetry factor b for existence of a (3, g) HBG?" Question 1 and question 2 are important in order to understand the relationship between symmetry factor b, girth g and order for (3, g) HBGs. This research provides lower bounds and upper bounds on minimum order for the existence of a (3, g) Hamiltonian bipartite graph for a specified symmetry factor b for even girth g in Question 1, with the lower bound being equal to the upper bound for many cases. For example, for (3, 14) Hamiltonian bipartite graphs the corresponding lower bound and upper bounds are equal for symmetry factors 4, 5 and 6, as shown in Table 6 . This research provides a theoretical lower bound and empirical data for the minimum value of symmetry factor b for a (3, g) Hamiltonian bipartite graph for a range of even girth g for Question 2. For example, the minimum value of symmetry factor for (3, 6) HBGs is 1, and for (3, 8) HBGs is 2, as shown in Table 7 .
(b) Finding C5B: Cage Problem perspective Results on non-existence of (3, g) HBGs for some orders and symmetry factors that show the emptiness of subclasses of graphs are of wider interest. For example, for (3, 14) graphs, the lower bound is 258 and upper bound is 384, the non-existence of (3, 14) HBGs between orders 258 and 384 for symmetry factors 4, 5, 6, and emptiness of many other subclasses as per the non-existence lists, has been shown. 6 Limitations and open problems
Restrictions to this approach
Some of the restrictions and limitations of this approach are as follows.
1. The scope of this approach is restricted to trivalent HBGs.
2. This approach is restricted to even values of girth.
3. Results on existence or emptiness of some subclasses of (3, g) HBGs for some orders, symmetry factor and even girth g are inconclusive.
4. The size of the automorphism group for each graph is not computed.
Open problems
The following open problems on (3, g) graphs arise out this research.
Open Problem 1. Does every (3, g) cage have a Hamiltonian cycle?
Open Problem 2. For trivalent bipartite graphs Given m ∈ N, if g is the maximum girth in the space of all possible trivalent bipartite graphs with order 2m, then does there always exist a (3, g) HBG with order 2m?
Open Problem 3. For existence of Hamiltonian trivalent bipartite graphs Given m ∈ N, if g is the maximum girth in the space of all possible trivalent bipartite graphs with order 2m, then does there always exist a (3, g 1 ) HBG with order 2m for all even values of g 1 satisfying 6 ≤ g 1 ≤ g?
The catalog introduced in this paper suggests that the answer to open problem 3 might be yes, but it is not currently known whether this is true in general.
The research of Haythorpe 2014 [34] suggests that non-Hamiltonian trivalent graph of minimum order is always larger than a Hamiltonian trivalent graph of minimum order. It is indeed likely that this might be true in general. Hence, open problem 4 is raised.
Open Problem 4. For non-existence of non-Hamiltonian trivalent bipartite graphs of maximum possible girth Given m ∈ N, if g is the maximum girth in the space of all possible trivalent bipartite graphs with order 2m, then does there exist a (3, g) bipartite graph with order 2m that is not Hamiltonian?
Open problem 5 ia raised on size of its automorphism group of a trivalent HBG.
Open Problem 5. For size of automorphism group Given D3 chord indices for a trivalent HBG, what can one say about the size of its automorphism group?
